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Abstract 

This paper underlines the need of improving the traditional design method of stem rope footbridge by a sustainable 
reliable optimization design method of tensegrity footbridge. The proposed methodology displays the optimization of 
the topology of elements and of the structure, the specified loading and unloading procedures, and the system practical 
behaviour with respect to construction norms through the obtained multivariate objective function. Since tensegrity 
systems are characterized by geometric nonlinearity and larger displacements, a specific software program was 
developed using MATLAB build-in optimization codes. The developed combine mass and topology optimization 
procedure results in improved geometric and mechanical behaviour. Discussions are presently going on with involved 
local administration and with different national economical actors to financially foster the project feasibility.  

Keywords:  Optimization; Tensegrity; Topology; Footbridge; Prestress; Construction. 

1. Introduction

A tensegrity system corresponds to an assembly of self-prestress elements (bars and cables) that are subjected only to 
axial loads. Prestressing introduces compressive efforts in bars and tensile efforts in cables, fixing the kinematic local 
degrees of freedom while conferring rigidity to the general system [1, 2]. This analysis results in a structure which can 
support external loads. As a consequence, all one-dimensional elements are capable of transmitting load in only one 
direction in the form of cables, springs or stiffened short columns. While benefiting from these interesting simple 
properties applicable to truss structures, tensegrity systems introduce a set of admissible criteria that yield to 
mechanisms with more complex topologies than for conventional structures and mechanisms [3, 4].  

Over the last 60 years, Analysis on tensegrity structures was done in a descriptive manner at different stages with 
different experimental and geometrical techniques [5, 6, 7]. These analytical procedures proved the advantages of 
tensegrity structures over conventional ones: (1) all elements are only axially loaded, (2) a flexible specialization on the 
choice of material to bear only tensile or compressive stresses, (3) the simplification of element geometry, (4) the 
relatively small ratio of the mass of the system to the span to cover [8, 9]. The mass/span ratio factor is a very important 
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factor to consider, as well the load carrying capacity, in bridge design and construction. A situation that is even acute in 
Africa with traditional and conventional design and construction methods that are yet to be converted to quasi-updated 
modern construction standards and regulations well understood and easy to implement by local design offices [10, 11]. 

The main objective of this work is to improve the traditional design and construction methods, used earlier to span 
rivers with difficult access, by a fast-understood methodology in the design of tensegrity systems. The proposed 
methodology underlines the optimization of the topology of the elements and of the system, the specific loading and 
unloading procedure, and the system practical analysis with respect to construction norms. Since tensegrity systems 
are characterized by geometric nonlinearity and larger displacement a specific software program was developed using 
MATLAB [12] build-in optimization codes taking into account the following elements’ geometric and mechanical 
parameters: the initial configuration, the value of self-prestress, and the material property as shown in figure 1.c.  

An application of the methodology is done on a local Government project to span the river banks of a rural less 
populated, but economically viable, area of the North West region of Cameroon. The structure of the footbridge is made 
up of a tensegrity framework system through which a wooden running surface, under a rectangular circulation gabarit, 
is reserved. This structure has a number of kinematics degrees of freedom and is also statically indeterminate, leaving 
the possibility of its elements to be prestressed. In order to reach expected results certain rules, pertaining to the 
quantity and length of cables, and to the running inner free space, are formulated to develop the optimized planar and 
spatial mechanisms forming the projected tensegrity footbridge. The developed combined mass and topology 
optimization procedure results in the reduction of the overall mass of the tensegrity footbridge as initial elements’ 
section are specifically reduced from their initial value to their new optimized minimal one. Discussions are presently 
going on with the local administration of the construction site as well as with different national actors of the 
construction industry to financially foster the feasibility and the realization of this project.  

2. Material and methods 

Elders in the Takamanda village of the South West of Cameroon are testifying that the knowledge to construct rope 
bridges with steams were common prior to the exploration and the westernization of the area [13]. The drawbacks of 
using mature stems of the small-diameter cane Eremospatha Macrocarpa, as the raw material for construction with a 
relatively short life span as observed in figures 1.a and 1.b, compel the society to turn to more reliable materials like 
steel and concrete with higher bearing capacity in comparison with these vegetal steams. For a more reliable material, 
the steam can be replaced by galvanized wire strands and the indigenous technology to construct the bridge itself can 
be improved with modern computational design. The design of tensegrity structures passes through three phases: the 
form finding phase or the determination of the geometry of the structure; the pre – stressing phase; and analyzing the 
structure under loading.  
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c) MATLAB interface optimization tool  

Figure 1 Local tensegrity systems in Cameroon with the proposed optimization tool. 

2.1. Determination of the system geometry 

Several analytical methods are used to find the optimal configuration of a tensegrid structure [14, 15], each displaying 
particular advantages and disadvantages depending on expected results. Two methods are used in this work: The Force 
Density Matrix method and the Dynamic Relaxation method. The force density matrix method [3] is used to deduce the 
internal stresses corresponding to a particular geometry under specific equilibrium conditions at each node. the 
equilibrium of the system is achieved when all nodes of the system are in equilibrium as shown in figure 1.b). Thus we 
have: 

∑ 𝑇𝑖𝑗𝑗≠𝑖 + 𝐹𝑖 = 0     (1) 

     where: Tij is the internal force j applied to node i; Fi is the external force applied at node i. 

Let 𝑥𝑖 ,𝑦𝑖 , 𝑧𝑖  denote the spatial coordinates of node i and 𝑙𝑖𝑗
0  the length of the element connecting nodes i and j, by 

projecting the above equation on the three axes, we obtain: 

∑ 𝑇𝑖𝑗
𝑥𝑗−𝑥𝑖

𝑙𝑖𝑗
0𝑗≠𝑖 + 𝐹𝑖

𝑥 = 0        

   ∑ 𝑇𝑖𝑗
𝑦𝑗−𝑦𝑖

𝑙𝑖𝑗
0𝑗≠𝑖 + 𝐹𝑖

𝑦
= 0      (2) 

∑ 𝑇𝑖𝑗
𝑧𝑗−𝑧𝑖

𝑙𝑖𝑗
0𝑗≠𝑖 + 𝐹𝑖

𝑧 = 0        

A system  equation that can be simplified by introducing the force density of each element  𝑞𝑖𝑗 =
𝑇𝑖𝑗

𝑙𝑖𝑗
0   to obtain the 

following equilibrium matrix equation at node i  that can be solved by any nonlinear programming method : 

∑ 𝑞𝑖𝑗(𝑥𝑗 − 𝑥𝑖)𝑗≠𝑖 + 𝐹𝑖
𝑥 = 0         

∑ 𝑞𝑖𝑗(𝑦𝑗 − 𝑦𝑖)𝑗≠𝑖 + 𝐹𝑖
𝑦
= 0             (3) 

∑ 𝑞𝑖𝑗(𝑧𝑗 − 𝑧𝑖)𝑗≠𝑖 + 𝐹𝑖
𝑧 = 0      

The dynamic relaxation method is based on the fact that any system under equilibrium with specified geometry and 
loading conditions, when elements constraints are imposed with appropriate intensities, generates unbalanced internal 
forces that produce the motion of the system prior to a new equilibrium position and a self-balanced configuration of 
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the system [16, 17]. Thus, from a given geometry and certain values of the internal forces imposed in the active elements, 
the nodal residues r is calculated, followed by the evaluation of the resulting velocities at the nodes and their new 
positions. the residuals are recalculated and the structure evolves accordingly until the final structure is obtained. 

The position of the system can be determined by solving the dynamic equations. The dynamic relaxation method makes 
it possible to consider a structure without viscous damping and to calculate its successive motions until equilibrium is 
obtained. In the case of a cross-linked space system, the residual of unbalanced internal forces is evaluated at each node. 
For the node i in the direction x and at time t, we obtain: 

𝑅𝑡
𝑖𝑥 = 𝑚𝑖𝑥𝑡

𝑖̈       (4) 

The acceleration and the velocity at each time interval (ti-1, ti) are evaluated by the finite difference method. The 
convergence is ensured for the value of the mass m and the pitch ∆𝑡 by the couple 𝑚𝑖 = 𝜆𝑘𝑖∆𝑡

2. For a given element 
with initial length 𝐿𝑢, uniform section A, a linear elasticity Young’s modulus E, and at time t this element has a length 𝐿𝑡 
which corresponds to the normal internal solicitation: 

𝑇𝑡 = 𝐸𝐴(𝐿𝑡 − 𝐿𝑢)/𝐿𝑢     (5) 

The possibility of imposing a constant value on this effort (𝑇𝑡 = 𝑐𝑠𝑡𝑒) is a major aspect that renders the concerned 
element to be active. 

2.2. Design Principle of tensegrity systems 

We address the problem of the design of tensegrity systems with the self-prestress principle leading to a set of geometric 
characteristics of undeformed cross sections of each element. In the case of flexible systems, the calculation is done in 
the context of geometric non-linearity with large displacements. The structural nonlinearity is viewed as material 
nonlinearity (associated with changes in material properties as well as in plasticity) [18] or as geometric (associated 
with configuration change, as is the case with slender elements in compression) one [19]. In this work the fundamental 
difference between a linear computation and a nonlinear geometric computation resides in the fact that the nonlinear 
computation is realized in a deformed configuration whereas the linear computation is carried out on an undeformed 
configuration [20, 21, 22]. This can significantly change the solution for systems undergoing significant displacements 
and the equilibrium equation of a loaded body is given as: 

[𝐾]{𝑢} =  {𝑓}      (6) 

where [𝐾] is the stiffness matrix ; {𝑢}  is the displacement vector and {𝑓} is the vector of applied external force 

For a non-linear calculation of tensegrity systems [23, 24], the stiffness matrix [K] consists of three different terms 

namely the elastic rigidity term [𝐾𝐸] , the non-linearity term reflecting the effect of large displacements [𝐾𝑁𝐿], and the 

geometrical rigidity term considering the initial self-prestress [𝐾𝐺] , and is given as: 

[𝐾] = [𝐾𝐸] + [𝐾𝑁𝐿] + [𝐾𝐺]     (6) 

To evaluate the tangent stiffness matrix and the vector of the internal forces we get use of the Lagrangian formulation 
which leads us to: 

𝜀𝐺𝐿 = 
𝐿2−𝐿0

2

2𝐿0
2       (7a) 

    where LO and L are the length of the element in the initial and in the deformed configurations 
respectively.  

If X1, Y1 and Z1 are the element first node coordinates, and X2, Y2 and Z2  its second node coordinates with 𝐵0 =
1

𝐿0
[−𝑐0𝑋 − 𝑐0𝑌 − 𝑐0𝑍𝑐0𝑋𝑐0𝑌𝑐0𝑍] and 𝐻 =

1

𝐿0
2 𝑃 =

1

𝐿0
2 then the previous equation becomes: 

𝜀𝐺𝐿 = 𝐵0𝑢 +
1

2
𝑢𝑇𝐻𝑢            (7b) 
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   where: 𝑐0𝑋, 𝑐0𝑌 and 𝑐0𝑍 are the initial element cosine directions. 

In the same manner the coefficient pertaining to the definition the deformed element, we can express the deformed 

configuration as 𝐵 =
1

𝐿0
[−𝑐𝑥 − 𝑐𝑦 − 𝑐𝑧𝑐𝑥𝑐𝑦𝑐𝑧]  =  𝐵0 + 𝑢

𝑇𝐻. And for the determination of the tangent matrix and the 

internal forces, the first and the second order derivatives of the term 𝜀𝐺𝐿with respect to the displacement u is required. 
We thus have: 

𝜕𝜀𝐺𝐿

𝜕𝑢
= 

𝜕(𝐵0𝑢+
1

2
𝑢𝑇𝐻𝑢)

𝜕𝑢
= 𝐵0

𝑇 + 𝐻𝑇𝑢 = 𝐵0
𝑇 + (𝑢𝑇𝐻)𝑇 = (𝐵0 + 𝑢

𝑇𝐻)𝑇 = 𝐵𝑇             (8) 

𝐻 =
𝜕2𝜀𝐺𝐿

𝜕𝑢𝜕𝑢
=

𝜕

𝜕𝑢

𝜕𝜀𝐺𝐿

𝜕𝑢
=

𝜕𝐵𝑇

𝜕𝑢
    

The stress corresponding to the Green Lagrangian deformation with the use of the  initial Kirchhoff stress 𝜎0 constant 
over the element length with E as the  Young’s modulus is given as: 

𝜎 =  𝜎0 + 𝐸𝜀𝐺𝐿      (9) 

Differentiating the resulted stress component twice with respect to the displacement component u and making use of 
the theorem of potential energy we get expression of the internal stress p and the corresponding the tangent stiffness 
matrix [𝐾𝑇]  deduced from it as:  

𝑝 =
𝜕𝑈

𝜕𝑢
= 𝑉0 (

𝑠0𝜕𝑒

𝜕𝑢
+

𝐸𝑒𝜕𝑒

𝜕𝑢
) = 𝑉0(𝑠0 + 𝐸𝑒)

𝜕𝑒

𝜕𝑢
= 𝑉0𝑠

𝜕𝑒

𝜕𝑢
    (10a) 

[𝐾𝑇] =
𝜕𝑝

𝜕𝑢
=

𝜕

𝜕𝑢
(
𝑉0𝑠𝜕𝑒

𝜕𝑢
) = 𝑉0𝐸

𝜕𝑒

𝜕𝑢
⊗

𝜕𝑒

𝜕𝑢
+ 𝑉0𝑠

𝜕2𝑒

𝜕𝑢𝜕𝑢
= 𝐾𝑀 + 𝐾𝐺    (10b) 

With  ⊗ being the Cartesian product between two vectors. 

The expressions of these matrices are local matrices of each one-dimensional axial element whose matrices must be 
assembled into the global reference matrix. Knowing the expression of the tangent matrix and internal forces it is 
essential to look for an appropriate method to solve for nodal displacements since we can no longer determine the 
displacement vector by directly inverting the matrix [𝐾𝑇] because of the system nonlinearity. The Newton-Raphson 
iterative method [25] is used through the tangent stiffness matrix by reinitializing and reassembling the matrix [K] at 
each iteration till we reach an equilibrium position P1 with an applied load vector { 𝛿𝑓1} and the next equilibrium is 
position P2 under load the corresponding loading. 

2.3. The regulatory framework 

An effective design of tensegrity systems requires in advances the knowledge of the external conditions that the 
structure is subjected to, or in another hand we must define the limit states grouped in these two working conditions: 
the service limit states (SLS) and the ultimate limit states (ULS) according to the criteria given by the European 

construction norms EC3 [26]. 

At the SLS design all partial coefficients pertaining to the dead load (G) and to the live load (Q) are equal to unity, but 
for accidental loads their probability of occurrence limits the corresponding coefficient to 0.6 so as to consider the 
following load combination in the design: 

G + Q + A + 0,6W       (11) 

The design criteria of tensegrity systems in the SLS require the following verifications: the cable always remains tensile 
and the maximum deflection criterion is 1/200th of its free span structure. At the ULS design, partial coefficients are 
different according to specified actions and initial pre-stressing. Since the self-prestress has a dual character in term of 
loading (an element is tensed up to a specified stress level) and of flexibility (an element rigidity is modified), loads 
combinations to be considered in design according to the European Standard EC3 are given for the favorable self-
prestress case (0,8A) or for an unfavorable (1,2A) one as: 

        1,35 G + 1,5 Q + 1,2A + 0,6W  (ULS 1)   
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  1,35 G + 1,5 Q + 0,8A + 0,6W  (ULS 2)      (12) 

These verifications criteria of tensegrity systems in the ULSi permitting the cable relaxation under certain conditions 
are reduced to failure criteria under buckling of associated compressed bar elements and to tensile elastic limits of 
cables. 

As we optimize the behavioral properties of a given structure in order to improve its functionalities under specific 
conditions, the structural optimization leads to the quality’s improvement in the design, construction and exploitation 
of infrastructures such as bridges, buildings or even space shuttles. This expected result requires that one looks at 
geometric and material characteristics of each element involved in the assembly of the structure as well as applied 
loading conditions. For civil engineering structures it is often common to balance the weight, the form and the 
robustness of structural components so as to find optimal values that best fit design requirements [27]. In the case of 
tensegrity systems, functional characteristics used during optimization are generally the weight (or the mass) and the 
element topology. 

2.4. The Optimization of the Element’s Mass 

The choice of variables related to the structural mass function toward an optimal decision making is crucial in order to 
minimize the objective function [28, 29]. In a one-dimensional bar element, the knowledge of the constraints and of the 
section and of a bar gives a straightforward description of the element mass provided that the latter is constant over its 
length.  

Assuming that 𝜌𝑖  is the material density of element I, of length 𝐿𝑖and section 𝐴𝑖, then system mass is given as m = ρΣAiLi 
considering that the elements system has the same properties. And if the system is under equilibrium with known 
constraints thus the nodal equilibrium condition is given as [A][q] = [f] where [A] is the geometric matrix, [q] is the 
element stress vector and [f] is the external loads vector. Defining allowable stress variables of cables (with subscript c) 
and of bars (with subscript b) as the stress (qc, qb), the section (Ac, Ab) and the allowable stress in the elements (σc, σb), 
σy being the yielding rupture stress and εk the element deformation between the initial length L0 and the final length Lk 
of the element, then the displacements constraints of the bars and the cables are defined respectively as: 

−
𝐴𝑏𝜎𝑘

𝑙𝑏
 ≤ 𝑞𝑏 ≤

𝐴𝑏𝜎𝑘

𝑙𝑏
 ⟹  {

𝑞𝑏 −
𝐴𝑏𝜎𝑘

𝑙𝑏
≤ 0 

−𝑞𝑏 −
𝐴𝑏𝜎𝑘

𝑙𝑏
≤ 0 

    (13a) 

0 ≤ 𝑞𝑐 ≤
𝐴𝑐𝜎𝑘

𝑙𝑐
⟹ {

𝑞𝑐 −
𝐴𝑐𝜎𝑘

𝑙𝑐
≤ 0 

−𝑞𝑐 ≤ 0 
    (13b) 

Suppose our structure has b bar-elements with above defined constraints we define a vector x of order 2b described as 
xi= Ai for i≤b and xi = qi-b for b<i≤2b while applying the change of variables for each element e the mass optimization 
problem for a tensegrity system can have the following formulation that can be solve easily using the commercial 
MATLAB software [12]: 

{
 
 

 
 
𝐹𝑖𝑛𝑑 ∶                            𝑥𝑖 , 𝑖 = 1,2, … ,2𝑏 
min ∶                                           𝑚 = 𝐶𝑋
𝑠. 𝑡. :                                        𝐴𝑋 ≤ 𝐵 
                                                𝐴𝑒𝑞𝑋 = 𝐵𝑒𝑞
                                                     𝑋 ≥ 𝐿𝐵

                       (14) 

2.5. The Topology Optimization 

The topology of tensegrity system structures is characterized by the geometry and the connectivity between nodes 
through structural elements with indications on its mechanical state providing a bar or a cable functionality. The 
optimization procedure here is to minimize the number of cables used in the structure with an appropriate nodal 
position via an integral programming [30, 31]. Considering a structure having b elements (cables or bars exclusively) 
and n nodes, and initial self-stress qi in equilibrium, then the following study domain E = S Ս C Ս N, made of 
corresponding subdomains and related positions (xi, yi), is characterized by: 
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{

𝑞𝑖 < 0  𝑖𝑓 𝑖 ∈  𝑆 𝑓𝑜𝑟 𝑎 𝑏𝑎𝑟 
𝑞𝑖 > 0 𝑖𝑓 𝑖 ∈ 𝐶 𝑓𝑜𝑟 𝑎 𝑐𝑎𝑏𝑙𝑒

𝑞𝑖 = 0 𝑖𝑓 𝑖 ∈ 𝑁 𝑖𝑓 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 𝑟𝑒𝑚𝑜𝑣𝑒𝑑
     

{

(𝑥𝑖 , 𝑦𝑖) = (1,0)  ⟺ 𝑖 ∈ 𝑆
(𝑥𝑖 , 𝑦𝑖) = (0,1)  ⟺ 𝑖 ∈ 𝐶
(𝑥𝑖 , 𝑦𝑖) = (0,0) ⟺ 𝑖 ∈ 𝑁 

                     (15) 

Using two additional constants M and ε, infinitely great and infinitely small respectively, such that  0 < 𝜀 ≪ 𝑀, and the 
function ai(s , c) where 𝜉𝑠 and 𝜉𝑐 are positives constants, we introduce the value 𝑎𝑖 = 𝜉𝑠𝑥𝑖 + 𝜉𝑐𝑦𝑖 in equations 15 after 
transformations and reorganization to get a better expression of the initial self-stress: 

{

−𝑞𝑠̅ ≤ 𝑞𝑖 ≤ −𝑞𝑠 𝑖𝑓  𝑖 ∈ 𝑆

𝑞𝑐 ≤ 𝑞𝑖 ≤ 𝑞𝑐̅  𝑖𝑓 𝑖 ∈ 𝐶

𝑞𝑖 = 0  𝑖𝑓  𝑖 ∈ 𝑁

     (16) 

     with 𝑞̅𝑠, 𝑞𝑠, 𝑞̅𝑐 , 𝑞𝑐 being positive constants characterizing the upper and the lower bound of the stress in the element. 

To define constraints on internal stress in each element we consider the nodal displacement u, and we write the 
deformation on the element by the expression 𝑐𝑖 = ℎ𝑖

𝑇𝑢   ∀𝑖 ∈ 𝐸 , where ℎ𝑖 ∈ ℝ
𝑏 , each stress si in element being 

compatible with deformation ci  and expressed as: 

𝑠𝑖 = {
𝑘𝑠𝑖𝑐𝑖  𝑠𝑖 𝑖 ∈ 𝑆 

max(𝑘𝑐𝑖𝑐𝑖 , 0) 𝑠𝑖 𝑖 ∈ 𝐶
0 𝑠𝑖 𝑖 ∈ 𝑁 

             (17) 

     where 𝑘𝑠𝑖  and 𝑘𝑐𝑖 are also positive constants defined as 𝑘𝑠𝑖 = 𝐸𝜉𝑠/𝑙𝑖  and 𝑘𝑐𝑖 = 𝐸𝜉𝑐/𝑙𝑖 , E being the usual Young 
modulus. We can write  

{
 
 
 

 
 
 

𝑠𝑖 = 𝑘𝑠𝑖𝑐𝑠𝑖 + 𝑘𝑐𝑖𝑐𝑐𝑖
𝑀𝑥𝑖 ≥ |𝑐𝑠𝑖|

𝑀(1 − 𝑥𝑖) ≥ |𝑐𝑠𝑖 − ℎ𝑖
𝑇𝑢|

𝑀𝑦𝑖 ≥ |𝑐𝑐𝑖|

−𝑀(1 − 𝑦𝑖) ≤ 𝑐𝑐𝑖 − ℎ𝑖
𝑇𝑢 ≤ 𝑀(1 − 𝑦𝑖) + 𝑀(1 − 𝑧𝑖)

−𝑀𝑥𝑖 ≤ 𝑠𝑖 ≤ 𝑀𝑧𝑖
𝑧𝑖 ∈ {0,1}

      (18) 

 

We partition the above domain as 𝐽𝑁 ∪ 𝐽𝐷 = {1…𝑑}, where JN is the subdomain of nodes on which externals forces are 
applied, and JN is the subdomain of nodes with zero displacement, in order to relate equilibrium conditions with initial 
self-stresses on a given element [28, 32]. Defining the variable 𝑠̃𝑖 = 𝑠𝑖 + 𝑞𝑖 , we also introduce a new allowable stress-
value 𝑠̃𝑖 that can be transformed using lower and upper bound allowable stresses 𝑠̃𝑠

𝑙𝑏 , 𝑠̃𝑠
𝑢𝑏 et 𝑠̃𝑐

𝑢𝑏 verifying the conditions 
𝑠̃𝑠
𝑙𝑏 > 0 ,   𝑠̃𝑠

𝑢𝑏 ≥ 𝑞̅𝑐 et 𝑠̃𝑐
𝑢𝑏 > 0 , in order to get the following expression:  

{
(−𝑠̃𝑠

𝑙𝑏 + 𝑞𝑠) 𝑥𝑖 ≤ 𝑘𝑠𝑖𝑐𝑠𝑖 ≤ (𝑠̃𝑠
𝑢𝑏 + 𝑞

𝑠
) 𝑥𝑖 

−𝑞̅𝑐𝑦𝑖 ≤ 𝑘𝑐𝑖𝑐𝑐𝑖 ≤ (𝑠̃𝑐
𝑢𝑏 − 𝑞𝑐) 𝑦𝑖

    (19) 

Externals forces applied at nodal points fi are also modelled through the equilibrium equation obtained from the 
maximum allowable work 𝑤 done by all external forces that structure can withstand without any failure, and we thus 
obtain: 

𝑤 = ∑ 𝑓𝑗𝑢𝑗𝑗∈𝐽𝑁 ≤ 𝑤       (20a) 

(𝐻𝑠)𝑗 = 𝑓𝑗 ,         𝑗 ∈ 𝐽𝑁        (20b) 
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From now on we can formulate the objective function of our topology optimization  reduced to the minimization of the 
number of cables |𝐶| =  ∑ 𝑦𝑖

𝑚
𝑖=1 , while maintaining the mass optimization of the previous section, as given in the 

following optimization system equation that can also be solved using the commercial MATLAB software : 

{
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

𝐹𝑖𝑛𝑑 ∶                            𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 𝑖 = 1,2, … ,2𝑏 

min ∶                                           |𝐶| =  ∑ 𝑦𝑖
𝑚
𝑖=1

𝑠. 𝑡. :                                        𝐻𝑞 = 0

                                                −𝑞𝑠̅𝑥𝑖 ≤ 𝑞𝑖 ≤ (𝑞𝑠 + 𝑞𝑐) (1 − 𝑥𝑖) − 𝑞𝑠                   ∀𝑖
                                                     

− (𝑞𝑠̅ + 𝑞𝑐) (1 − 𝑦𝑖) + 𝑞𝑐 ≤ 𝑞𝑖 ≤ 𝑞𝑐𝑦𝑖    ∀𝑖

∑ 𝑥𝑖𝑖∈𝐸(𝑛𝑗)
≤ 1                       ∀𝑛𝑗 ∈ 𝑉

𝑓𝑇𝑢 ≤ 𝑤
(𝐻𝑠)𝑗 = 𝑓𝑗 ,                                      ∀ 𝑗 ∈ 𝐽𝑁

𝑢𝑗 = 0  ∀𝑗 ∈ 𝐽𝐷 

𝑠𝑖 = 𝑘𝑠𝑖𝑐𝑠𝑖 + 𝑘𝑐𝑖𝑐𝑐𝑖                     ∀𝑖

(−𝑠̃𝑠
𝑙𝑏 + 𝑞𝑠) 𝑥𝑖 ≤ 𝑘𝑠𝑖𝑐𝑠𝑖 ≤ (𝑠̃𝑠

𝑢𝑏 + 𝑞
𝑠
) 𝑥𝑖 ∀𝑖

𝑀(1 − 𝑥𝑖) ≥ |𝑐𝑠𝑖 − ℎ𝑖
𝑇𝑢|            ∀𝑖

−𝑞̅𝑐𝑦𝑖 ≤ 𝑘𝑐𝑖𝑐𝑐𝑖 ≤ (𝑠̃𝑐
𝑢𝑏 − 𝑞𝑐) 𝑦𝑖                 ∀𝑖

−𝑀(1 − 𝑦𝑖) ≤ 𝑐𝑐𝑖 − ℎ𝑖
𝑇𝑢 ≤ 𝑀(1 − 𝑦𝑖) + 𝑀(1 − 𝑧𝑖)  ∀𝑖

−𝑠̃𝑠
𝑙𝑏 ≤ 𝑞𝑖 + 𝑘𝑠𝑖𝑐𝑠𝑖 ≤ 𝑠̃𝑠

𝑢𝑏            ∀𝑖

−𝑞̅𝑠𝑥𝑖 ≤ 𝑞𝑖 + 𝑘𝑐𝑖𝑐𝑐𝑖 ≤ 𝑠̃𝑐
𝑢𝑏                       ∀𝑖

𝑥𝑖 ∈ {0,1},       𝑦𝑖 ∈ {0,1},      𝑧𝑖 ∈ {0,1}  ∀𝑖

      (21)                     

3. Results  

3.1. Material Properties 

The optimization methodology developed in this work is applied on the design of a simplified pedestrian classical 
tensegrid cable footbridge to cross the Ollorunti river portrayed in figures 1.a and 1.b, formally and actually crossed by 
traditionally made steams cable bridges. After a technical survey on site by our team a proposition to design a cable 
tensegrid bridge with cables and bars available on the local construction industry taking into account the needs of 
farmers to carry their products on tricycles from theirs farms to the local market through a rectangular circulation 
gabarit of 2.5m high and 1.75m wide as pictured in figures 2.a and b. The construction of a concrete was not appropriate 
due to financial technical constraints as well as the need of a middle concrete peer construction right on the river 
mainstream and a tensegrid bridge of 120.0m span from the two riverbanks of the selected appropriate location.  

The basic geometry of a tensegrity ring, carrying the circulation running platform with the circulation free space, is that 
of a right prism whose generating polygon is either a square, a pentagon, or a hexagon. A study conducted on these three 
generating polygons [33, 34, 35] for the design of pedestrian footbridge has shown that the pentagonal-based module 
is the most stable one. The pentagon-based module, shown in figure 2.b), is therefore used in our application to obtain 
a combination of different modules in the form of a tensegrity framework shown in figure 2.a). 

Given the fact that we have a multi-modular structure, the coordinates of each node of the module as well as the 
elements connectivity are appropriately chosen in order to easily generate, from required shape functions, the system 
local and global coordinates. The module, visualized in figure 2.c) and 2.d), and the system geometries providing the 
circulation gabarit of 1.75m2.4m are also generated by specific formulae linking the corresponding coordinates of the 
nodes with the required space.  

Considering that an elementary module has seven self-prestress states and mechanisms we assemble a multi-modular 
structure with node and element numbers generated from the expressions described below. Let nm be the number of 
nodes in a module spanning 5.0m, with the span of the structure L=120.0m, and m the number of modules, two modules 
being interconnected by 5 nodes at their direct interface, then the total number of nodes in the structure is N = nm+( nm 
-5)m=245. The number of elements in our structure is nel = 45+40 ( nm -1)=965, one element having 45 elements. A 
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detailed FEM programmed in MATLAB, with the MATLAB simplified code proposed as indicative in appendix, reveals 
that we have seven self-prestress states and six mechanisms for an elementary module. 

As was stated earlier, the three main properties contributing to an optimal choice of the materials (or the type of element 
i.e. bar or cable) are the mechanical properties, the stress /self-weight ratio, and the cost. These characteristics of the 
bars and cables are summarized below: the initial section of the cables is Sc = 22 cm2, and of the bars is Sb = 75 cm2; the 
Young’s modulus of the cables is 125 GPA, and for bars is 200 GPA; and the admissible stress limit for the bars is 235 
MPa, and for cables is 500 MPa. An expected optimal principle during the methodology in this work is that, under 
loading, the admissible limit stresses of bars and cables are required to be achieved in the same instant. The decking 
slab under the running surface is made of Group 2 wood materials, namely Bubinga (Guibourtia tessmannii) [36], well 
treated in order to resist outside effects such as moisture, temperature variation and insects’ attacks.  

 

Lateral  and intermediate bars; Nape , coplanar  and non-coplanar  cables. 

Figure 2 Analytical model of the tensegrity structure under study. 

Ron Dennis [37] proposed to adopt for community infrastructures at rural and district levels a uniform distributed lively 
load of 400 kN/m2. Assuming that an average weight of an adult is 70 kg carrying an over load of 30 kg from the farm 
we roughly adopt, taking into consideration local environment in the community, that we will have a maximum number 
of 80 persons on the bridge at an unrealized peak period. This gives us the first loading case QL1 = 52 Kg/m2 (0.52 kN/ 
m2). The second loading case QL2 is taken as a loaded tricycle at the bridge midspan having a gross weight of 1000 kg 
(10.0 kN). For each of these loading cases we verify the maximum deflection limit (L/200, [37]) related to the elements’ 
absolute tensile criteria in service limit state (SLS), and the allowable elastic stress (σlim= Acfy) of elements in the 
ultimate limit state (ULSi), considering that their local and general stabilities criteria and those of the tensegrity system 
are verified.  

3.2. Discussion 

The proposed optimization procedure has produced, using the developed interface programming software based on the 
FEM. The deflection curves, pictured in figures 3 for the two loading cases in SLS, shows that obtained deflections of the 
designed tensegrity footbridge are below the maximum allowable value L/200 = 120/200 = 0.60 m. The loading case 1, 
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representing an extremal unexpected case of eighty (80) villagers loaded with farm products comfortably walking on 
the bridge in the same momentum, has a maximum deflection of 0.467 m with high structural safety. 

 

Figure 3 Deflection of the tensegrity structure for SLS loading cases 1 and 2. 

A detailed observation made during the optimization process reveals that, for each loading case of every ULS, internal 
forces in bars and cables remains below the corresponding allowable value as it is depicted in figures 4 below. These 
results also justify why it is recommendable to replace tensile bars with cables, the later displaying a great margin of 
security before failure and a high level of cost reduction due also to volume of material reduction, each specific element 
in its own reduction rate, in tension or in compression. 

The present optimization procedure reaches stable results after several iterations as any infinite small change, in section 
or/and in stress of a particular element, produces a noticeable reverse effect on the overall structural configuration and 
elements mechanical behaviour.  This fact is the primary justification of the adopted mass-topology optimization 
optimality, during which all tensile bars are replaced by cables, and the self-prestress process in a cable is changed too 
to an optimal value that may lead to its release or to its strengthening. Since the adopted iterative procedure does not 
allow to observe the bifurcation point bypassing it searching for an adequate stable optimum, the number of 
released/strengthened cables is quite important: 312 and 316 for loading case 1 (C1) in ULS1 and ULS2 respectively, 
while the loading case 2 (C2) reaches 302 and 307 in ULS1 and ULS2 respectively. This number of iterations and 
relaxations leading to obtained results using the present methodology, would have not been made with an ordinary 
traditional structural design method. 

 

Figure 4 Internal forces for loading cases 1 (C1) and 2 (C2) in ULSi 
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The optimization procedure, resulting in the reduction of the overall mass of the tensegrity bridge, shows in figure 5 
how the initial section of each element has been specifically reduced from its initial value to its new optimized one, with 
the application done only for the second loading case in ULS2. For the practical implementation of obtained results on 
site, a special care must be given to reduce the number of elements types out the 965 elements’ sections. A probabilistic 
analysis is required, with available sections of bars and cables in the local construction industry, to define the number 
of sections representative on a particular interval range. 

 

Figure 5 Cross sections’ elements before and after optimization. 

The optimization procedure, resulting in the reduction of the overall mass of the tensegrity bridge, shows in figure 5 
how the initial section of each element has been specifically reduced from its initial value to its new optimized one, with 
the application done only for the second loading case in ULS2. For the practical implementation of obtained results on 
site, a special care must be given to reduce the number of elements types out the 965 elements’ sections. A probabilistic 
analysis is required, with available sections of bars and cables in the local construction industry, to define the number 
of section’s representatives on a particular interval range. 

4. Conclusion 

The optimization design of tensegrity footbridges is proposed in this paper with an application done on an existing 
traditionally build stems rope bridge to be replaced by an optimized tensegrity steel footbridge of 120 m span in 
Ollorunti county in the North West Region of Cameroon. The proposed methodology takes into account into three 
distinct related steps: the initial configuration of the structure leading the definition of initial geometric and initial 
properties, the optimization of the topology and the sections of individual elements with respect to existing design and 
construction standards, and level of self-prestress and relaxation applied to the and cables without he lost of stability. 

Achieving the stability requirements on both the shape, the geometry and the material strength of each element, an 
optimal solution requires a simultaneous resolution the given optimization problem involving the topology and the self-
prestress problem with an adequate release/strengthening of elements. A comprehensive MATLAB based program 
using the theory developed in this work allowed us to optimize output results in term of geometric properties, 
mechanical properties and stability conditions through the proposed well defined multivariate objective function. The 
objective function in this work minimizes the overall weight as a functional of several interdependent variables 
subjected to well defined geometric, mechanical and stability criteria. 

Obtained results are showing that tensegrity footbridges are very sensitive to the change of initial conditions, and 
therefore more flexible, but allows to span larger distance with minimal required volume of material or construction 
costs. Consequently, the developed design tool has motivated the county local authorities to cooperate with the authors 
of this work in order to further the feasibility studies, the financing and the construction phases of the project, to 
implement the present findings and to ease the work of the design office involved with the Ollorunti county footbridge. 
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