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Abstract 

The primary objective of this paper is to improve the performance of a car's active suspension system and control the 
vibrations that occurred in the car's using two well-known control technologies, namely the Linear Quadratic Regulator 
(LQR) and fuzzy PID control. When the car suspension is designed, a quarter car model with two degrees of freedom is 
used. A complete control system is needed to provide the desired suspension performance and characteristics such as 
passenger comfort, road handling, and suspension deflection, this control system performed using the 
MATLAB/SIMULINK and includes three parts: input signals (actuator force and road profile), Controller part, and the 
suspension system model. The simulation results from the implemented Simulink models show a comparison between 
the uncontrolled suspension system and the suspension system with a fuzzy PID controller and the active suspension 
system of the car based on the linear-quadratic regulator, and it is explained thoroughly. 
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1. Introduction

In the interest of improving the overall performance of automotive vehicles in recent years, suspensions incorporating 
active components have been developed and the process moves to further developments and improvements. 

The automotive suspension on a vehicle typically has the following basic tasks [2]: 1) To isolate a car body from road 
disturbances in order to provide good ride quality, 2) To keep good road holding, 3) To provide good handling, 4) To 
support the vehicle static weight. 

Car suspension systems are classified into three main types, namely passive, semi-active, and active suspension systems. 
In the passive suspension, a spring and the suspension system parts are placed between the car body wheels. They allow 
the forward compensation between driving comfort and the suspension stroke deviation. According to the chassis 
features, the suspension stroke is limited to some specific values. The ride comfort is reduced when the suspension 
deviation reaches these specified limited values [3]. 

In the active suspension system, a force actuator controlled by the feedback controller is placed between the car body. 
A controlled suspension system permits forward compensation between the riding comfort and the performance 
criteria of the suspension deviations [4-5].  

Researchers recently conducted many studies and worked on the active suspension of the vehicle to achieve a good 
performance of the active suspension system, thus improving both road handling and ride comfort. To date, many 
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control methods such as Linear Quadratic Regulator (LQR) [6], Single-Network Approximate Dynamic Programming 
[7], higher-order sliding mode control [8], H∞ Method [9] Fuzzy Logic [10], And the neural network method [11] were 
used in the active car suspension field. The performance of the active suspension system in cars can be improved by 
several control technologies. However, these methods require a specific performance decision schedule or complex 
learning mechanism, and some application difficulties. 

In this paper, the performance of the active suspension system of the car has been compared using two different control 
strategies, the first strategy is using of the Linear Quadratic Regulator Control Method and the second is the using of 
Fuzzy PID Controller, this comparison will show a good contribution to the field of suspension systems. 

This work is arranged as follows: Section 2 which is devoted to the mathematical model of the car suspension system in 
addition to the road profile used in this paper. This section also presents an open-loop Simulink model of an active 
suspension system. Section 3 introduces the control strategy and gives a brief explanation about the Fuzzy PID 
controller and the linear quadrature regulator approach. Section 4 covers some simulations for comparing a closed-
loop Simulink car suspension system using the two controllers. Section 5 gives the results and discussion of this work 
and section 6 of this paper presents the conclusion of the performed work. 

2. Mathematical Model 

The 2-DOF quarter car model and the physical parameters used in this paper are shown in Figure 1 and Table 1 
respectively, this model is one of the most widely used suspension models, which is very important when studying 
vehicle dynamics especially ride comfort and road handling characteristics. It represents the vibration behavior of the 
car body and the wheel. The main components of the suspension system are damper bs, springs Ks and Kt, in addition to 
force actuator F. The value of the actuator force must be zero in the case of passive suspension systems. The symbol ms 
denotes the sprung mass, which indicates a quarter of the total car mass and the unsprung mass mu represents the mass 
of the wheel assembly system. The damping coefficient is denoted by the symbol bt, while the vertical stiffness of the 
tire is denoted by the symbol Kt. The vertical displacement of the road profile, unsprung mass, sprung mass indicated 
by zr, zu, and zs respectively. 

 

Figure 1 A quarter car model. 
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Figure 2 Free body diagram of the quarter model. 

Based on the free body diagram of the quarter car model shown in figure 2 and Newton's second law, it is very easy to 
write the equations of motion for the system as follows: 

𝑚𝑢�̈�𝑢 − 𝑏𝑠(�̇�𝑠 − �̇�𝑢) − 𝑘𝑠(𝑧𝑠 − 𝑧𝑢) + 𝑏𝑡(�̇�𝑢 − �̇�𝑟) + 𝑘𝑡(𝑧𝑢 − 𝑧𝑟) = −F                                              (1)                            

𝑚𝑠�̈�𝑠 + 𝑘𝑠(𝑧𝑠 − 𝑧𝑢) + 𝑏𝑠(�̇�𝑠 − �̇�𝑢) = F                                                                                                 (2) 

Where: 

𝑧𝑠 − 𝑧𝑢  Indicates the suspension deflection, �̇�𝑠  represents the car body or the sprung mass speed (comfortable comfort 

indicator), �̈�𝑠 represents the acceleration of the car body, 𝑧𝑢 − 𝑧𝑟 represents the tire deflection (road-handling indicator), and 

�̇�𝑢 indicates the tire velocity. 

The following data shown in the table below represents the car parameters and values used in the simulation  

Table 1 A quarter car model parameters. 

Parameter Value/Unit 

Sprung mass (ms) 300 kg 

Unsprung mass (mu) 59 kg 

Suspension system stiffness (ks) 17,000N/m 

The tire stiffness  (kt) 180,000 N/m 

Suspension damper (bs) 000N.s/m 

The tire damping coefficient (bt) 1000N.s/m 

 

The figure below shows the complete Simulink model for an active suspension system, and this model was built based 
on equations 1 and 2. 
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Figure 3 The Simulink model of an active suspension model. 

2.1. Road Profile 

The subsystem Simulink model of the input bump road zr is performed as shown in figure 4. 

A single bump road input (zr) as shown in figure 5 is used to express the road status, conditions, and to verify the 
developed control system, this road bump is called road profile or road disturbance, it set to achieve a bump height of 
0.05 m. 

 

Figure 4 Bumpy road input subsystem model. 

 

Figure 5 Bumpy road input subsystem. 
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3. Control techniques  

This part can be divided into two sections. The first section provides an overview of the two controllers used in this 
work, while the second section shows the Simulink model structures implemented for the active suspension system 
with Quadratic Regulator linear controller and fuzzy PID controller. 

3.1. Controller Design Using Linear Quadratic Regulator (LQR) 

The LQR approach to control the car suspension system is widely used in the background of many studies in the field of 
the car suspension system. It was used in a simple quarter car model, a half car model, as well as in a complete car model. 
The strength of the LQR method is that when using the performance factor index that can be weighted according to the 
engineers' desires and aspirations or other limitations. With this approach type, an optimal results can be achieved 
when factors of the performance index are taken into account [13]. 

The LQR method for the active suspension system has been suggested and proposed to improve passenger comfort and 
to get better road handling [14].  

In the case of designing an LQR controller (called the gain matrix), one must optimal control vector must choose 𝑢 (𝑡), 
so that the quadratic cost function is reduced. The mathematical formula of the quadratic cost function can be written 
as: 

𝐽 = ∫ (𝑥(𝑡)𝑇𝑄𝑥(𝑡) +
∞

0
𝑢(𝑡)𝑇𝑅𝑢(𝑡))𝑑𝑡                                                                                       (3) 

Where,  

𝑥 and u are the state vector and the control vector respectively. 

(𝑟×𝑟) and (𝑛×𝑛) are called the symmetric positive definite weighted Matrices. 

The main condition of the matrices R and Q is must be [𝑅=𝑅𝑇≥0  and 𝑄=𝑄𝑇≥0].  

The values of weighted matrix 𝑅 (control penalty) and  (state penalty) depends on designer desires. The designer must 
choose the appropriate values for both of R and Q to find the appropriate gain matrix using MATLAB software.  

The configuration of the state variable feedback is shown in the figure 6. 

 

Figur 6 The configuration of the state variable feedback. 

A suitable linear full-state feedback control law used as,  

(𝑡)= −(𝑡)                                                                                                                                                        (4)  

Where K represents the state feedback gain matrix for the LQR controller, which can be defined by: 

 𝐾 = 𝑅−1𝐵𝑇𝑃                                                                                                                                                (5)                                                   

The next Algebraic Riccati Equation (ARE) is using to estimate the matrix P. 

𝐴𝑇𝑃 + 𝐴𝑃 + 𝑃𝐵𝑅−1𝐵𝑇𝑃 + 𝑄 = 0                                                                                                           (6) 
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By selecting the matrix Q as follow:  

𝑄 = [
1000 0 0
0 1000 0
0 0 1000

] 

And R=0.0001. 

Therefore, the value of gain K is given by: 

 K= 1.0e+04 *[0.0295    0.3072   -2.5105   -0.2029]. 

The Simulink model for the control system includes the LQR controller is shown below in Figure 7. 

 

Figure 7 Simulink model for active suspension system with LQR controller. 

3.2. Fuzzy PID Controller 

The Fuzzy PID control is divided into three key components: 1: fuzzification, 2: fuzzy rules and inference, 3: 
defuzzification. Figure 5 displays the vehicle control system layout including a fuzzy PID controller.  

The structure of the controller and the block diagram of the desired control system are implemented as shown in figures 
8 and 9, which consists of the reference model, actual model of the car suspension and fuzzy PID controller. 

 

Figure 8 Fuzzy PID controller structure. 
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Figure 9 Simulink model for active suspension system with Fuzzy PID controller. 

4. Simulations 

Computer simulations have resulted and performed based on the equations of motion of a quarter-car model using 
MATLAB / SIMULINK. The performance of the car suspension system will be illustrated in terms of driving comfort, 
quality, and road handling, as the road bump is assumed to be the input signal of the suspension. The parameters 
observed are the deflection of the suspension system (𝑧𝑠 − 𝑧𝑢), tire deflection (𝑧𝑢 − 𝑧𝑟), sprung and unsprung mass 
velocities (�̇�𝑠and �̇�𝑢), and sprung mass acceleration (�̈�𝑠). The goal of using the LQR control method and the fuzzy PID 
control is to achieve a small amplitude value for suspension deflection, sprung mass acceleration, and tire deflection. 

Figures (10-14) show the performance of the active suspension system for the road bump profile. 

 

Figure 10 Suspension deflection. 
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Figure 11 Tire deflection. 

 

Figure 12 The velocity of sprung mass. 
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Figure 13 The velocity of unsprung mass. 

 

  Figure 14 The acceleration of sprung mass. 

5. Results and Discussion 

Further analysis of the active suspension system is discussed by comparing the uncontrolled system with the LQR 
control approach and fuzzy PID control. 
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Figure 10 shows a comparison response of the suspension deflection without control and with LQR and fuzzy PID 
controllers, while figure 11 illustrates a compression between the tire deflection that represents the road handling 
indication, it's obvious that using of LQR controller has less overshoot a very small settling time as compare to fuzzy PID 
controller. 

Figures 12 and 13 show the behavior of the unsprung and sprung velocities for the quarter model. The sprung mass 
velocity in the LQR case has been found to reduce their value in comparison to the fuzzy PID controller case. 

The acceleration of the sprung mass also improved using the two controllers as shown in figure 14, but fuzzy PID control 
method gives better performance, this is very evident in the acceleration curves. The sprung mass acceleration 
parameter is very important and it is taken into consideration when designing car suspension systems because it 
represents ride comfort indication. 

6. Conclusion 

The active suspension system of the car is presented in this paper. A mathematical equation of a quarter-car model is 
obtained, and then the system performance is examined using two control methods (fuzzy PID control and LQR). All 
Simulink models of the quarter model have implemented using MATLAB software. The results showed that using the 
LQR method and the fuzzy PID control to evaluate and control the suspension system provides good performance of the 
system, but it obvious that the LQR method provides better performance of the system parameters than the fuzzy PID 
control method. 
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