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Abstract

The Fractional Hamiltonian is used to investigate discrete systems in terms of Caputo’s fractional derivatives. Three
models have been introduced and studied in order to apply the formalism presented here. The obtained Hamilton's
equations of motion are exactly in agreement with the classical Hamiltonian formulation equations.
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1. Introduction
Fractional calculus is a generalization of usual calculus. In this branch of mathematics, meanings are established for

1/2
integrals and derivatives of any non-integer (even complex) order, such as diltz(t) .Ithas started in 1695 when Leibniz
dt

presented his investigation of the derivative of order 1 During the last decades it was used to study numerous fields
2

of engineering and science [1-7]. Numerical investigation of fractional differential equations appeared in many

researches [8-14], and it played an essential role in solving these equations numerically for several systems.

Fractional calculus has been used to reformulate the Euler- Lagrange problems fractionally. Riewe investigated non-
conservative Lagrangian and Hamiltonian mechanics and for those cases formulated a version of the Euler-Lagrange
equations (ELE’s) [11]. Other researches work on fractional Lagrangian and Hamiltonian approaches, see [16-21] and
the references therein.

In this paper we developed the fractional Hamiltonian equations of motion (FHEOM) for discrete systems in terms of
Caputo’s fractional derivatives. The paper is prepared as follows:

In Sect. 2, we discussed briefly the Caputo’s fractional Lagrangian mechanics. In Sect. 3, we present the Caputo’s
fractional Hamiltonian formalism for discrete systems. In Sect. 4, illustrative examples are discussed using the
formalism presented. Finally, we close this paper with a conclusion in Sec. 5.

2. Basic Tools for Caputo’s Fractional Lagrangian

The left Caputo’s fractional derivative (i.e.,, LCFD), and the right Caputo’s fractional derivative (i.e., RCFD) read
respectively as [1, 2]:

* Corresponding author: Jihad Hasan Asad; Email: n.ibraheem@ptuk.edu.ps
Department of Physics, Faculty of applied Sciences, Palestine Technical University, Kadoorie- Tulkarm P 305, Palestine.

Copyright © 2022 Author(s) retain the copyright of this article. This article is published under the terms of the Creative Commons Attribution Liscense 4.0.


http://creativecommons.org/licenses/by/4.0/deed.en_US
https://gjeta.com/
https://doi.org/10.30574/gjeta.2022.11.1.0065
https://crossmark.crossref.org/dialog/?doi=10.30574/gjeta.2022.11.1.0065&domain=pdf

Global Journal of Engineering and Technology Advances, 2022, 11(01), 029-035

DY (D) - ﬁ Jae=0" ey @ 0
C a " n-a-1 d n
ok f(t):mj(r—t) ()" f(ede. )

Note that ¢ is the order of the derivative such thatn —1 < ¢¢ < N, and it is not equal to zero.

When & goes to an integer then, these two equations turned to the following two classical derivatives:

DI = () 0. ®

C a d a
Dy fM) == f(1). (4)
dt
Now, let us consider the action of integral
S = [L(7.;Dfn.{DYn ). (5)

The corresponding (ELE’s) are then obtained as:

oL ... oL .., oL
e +D/

D T _0 6
on ' " oDy * ©

oDl

d d
Asa, f — 1, we have :Dta = a ,and beﬂ = —a , then (6) reduces to the classical ELE’s.

3. Caputo’s Fractional Hamiltonian of Discrete Systems

Consider the Lagrangian of discrete systems that depends on the Caputo’s fractional derivatives of coordinates with the
following form:

L=L(7,.D¢n,DJn.t). (7)
with 0 <, f < 1.

Introducing the generalized momenta:

oL
5%
oL
P - . 8
’ oDl ©

Thus, the Hamiltonian depending on Caputo’s fractional derivatives can be written as:

H =P, (;Dn)+P,({Dn)—L. 9)
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Taking the total differential of the above Hamiltonian:

o C o C| C aL aL ¥ Y2
dH =P, (d,D{n)+dP, (,D n)+ Pﬂ(dtDbﬂn)+dPﬂ(tDbﬂn)——dn— — d,Dfn
on 9,D¢'n
—~ Cal‘ dek;”n—%dt. (10)
0;Dfn ot
Substituting (8) into (10), we get:
dH =dPa(;Dfn)mPﬁ(fon)—%dn—@dt. 11
on ot
Making use of (6), then (11) becomes:
dH = dP, (°Df °D/ 1) —[*DIP +°D’ oL
- a(aDt 77)+dpﬁ(tDb U)—[tDb Pa+aDt Pﬁ]dﬂ_Edt- (12)
This means that the Hamiltonian is a function of
H z(n,Pa,Pﬂ,t). (13)
The total differential of (13) is:
dH:a—Hdn+a—HdPa+a—HdPﬂ—a—Hdt. (14)
on | P, oP, ot
Comparing (14) with (11), one gets the following FHEOM:
cH
I CDa ;
oP. ate 17
oH .
- _ Dﬂn .
t=p
oP,
oH _ _a
ot ot’
and finally,
OH e c
g PR+ D/)P,. (15)

4. Mlustrative Examples

In this section, three examples (Mathematical and Physical) will be investigated using the formalism presented in Sec.

3 above.
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4.1. Firstly, let us consider the following Mathematical example as a first discrete system
1
S = j Ldt
0

1 c a 1 C C o C
L= E(OD‘ n)? +§(t D/n)? +(sD{n)(;D{ n)

where
The generalized momenta (8) read:
P, =cD{n+D{n
_cnA
Py =D/ n+,D{n.
Then according (9) the Hamiltonian can be calculated as:

H=1ﬁ=1ﬁ
2 2/

As aresult the HEM (15) read:
P, =¢D{'n =[sDn+D{nl=sD{7n.
P,=:D{n ={;D n+D{n}=D{n;
0 =D/ n+,D{nllsD; n+D{n]
This result is in exact agreement with that obtained by Agrawal [17].

4.2. Secondly, we study the following physical model

1
S:det
0

where L = %(than)z .

This fractional model is the analog of free motion in one- dimensional space.
The generalized momenta (8) read:
Pa :(():Dtan .
P, =0,

Now, making use of (9) the Hamiltonian is calculated as:
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1

H= > Pa2
The HEM (15) read:

P.=oD{'11,

{Dfn =0

0=(:Dr'n)(cD ")

Asa —> 1 the last equation reads the classical equation of motion for a free motion in a one dimensional space, i.e.,

d277
dt?

4.3. Finally, we study the following physical model

1
S=j|_dt
0

where L = %m(OCDfU)Z +%k7]2.

This is the fractional analog of the classical Harmonic Oscillator.

The generalized momenta (8) read:

Pa :ngtan;
By
fDl n= 0_
As a result the Hamiltonian is:
H = P_az _1 n’
2m 2
The HEM read:
Pa ngDtan ;
_ s
O_fDl n ;

~ky =m(D{n)(ED{7)

Again, as & —1 the last equation reads the classical equation of motion for a Harmonic Oscillator, i.e.

d’n
m Te —-kn=0
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5. Conclusion

Using the Caputo’s fractional derivatives, the fractional Hamiltonian of discrete systems has been constructed. The
Hamilton’s equations have been attained for discrete systems, where some examples are studied. We note that as

o —> 1then the fractional Hamilton’s equations reduced to the classical equations.

Finally, it is noted that the Hamiltonian formulation is in exact agreement with the Lagrangain formulation
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