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Abstract 

In this paper, we have presented the combination of Sumudu transform and Kamal transform to produce new double 
integral transform, this double transform called the Sumudu-Kamal transform (SKT). We applied double Sumudu-Kamal 
transform to solve the linear telegraph equation.  
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1. Introduction

The subject of partial differential equations is one of the most important topics in mathematics, physics, engineering 
and other sciences. Also, it is significant to know methods to solve such partial differential equations. One of most 
prevalent method to solve partial differential equations is the integral transforms method [1]. 

Integral transform has played an important role in solving ordinary and partial differential equations and integral 
equations, through transform these equations to algebraic equations [2]. The kinds of integral transforms have many 
applications in various fields of mathematical sciences and engineering such as chemistry, physics, mechanics, acoustic, 
etc.,[3]. Many phenomena, sciences, processes of engineering and real life can be expressed mathematically and solved 
by using integral transforms. In previous years, great interest has been given to deal with the double integral transforms 
such as double Laplace transform, double Sumudu transform, double Laplace-Aboodh transform, double Laplace-Shehu 
transform, double complex EE transform, etc., for example see [3-7]. These transforms have many applications in 
various fields of mathematical sciences and engineering. 

The telegraph equation is a partial differential equation developed by Oliver Heaviside in 1880. The telegraph equation 
consisted wave equation in one dimensional and it has applications in solution of communication system problems 
including the transmission of signals from one point to another [4].       

The aim of this work is to solve the linear telegraph equation with initial and boundary conditions by double Sumudu-
Kamal transform. 

1.1 Definition 

The double Sumudu-Kamal transform of the function 𝜙(𝛾, 𝜏) for all variables  𝛾, 𝜏 > 0  is denoted by  𝑆𝛾𝐾𝜏 [𝜙(𝛾, 𝜏)] =

Φ(𝜇, 𝜗)  and defined by 
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           𝑆𝛾𝐾𝜏 [𝜙(𝛾, 𝜏)] = Φ(𝜇, 𝜗) =
1

𝜇
∫ ∫ 𝑒

−(
𝛾
𝜇

+
𝜏
𝜗

)
 𝜙(𝛾, 𝜏) 𝑑𝛾𝑑𝜏,

∞

0

∞

0

                                                         (1) 

provided the integral exists [8].  

The inverse double Sumudu-Kamal transform of the function Φ(𝜇, 𝜗) is defined by 

        𝜙(𝛾, 𝜏) = 𝑆𝛾
−1𝐾𝜏

−1[Φ(𝜇, 𝜗)] =
1

(2𝜋𝑖)2
∫ 𝑒

𝛾
𝜇  ( ∫ 𝑒

𝜏
𝜗 Φ (𝜇,

1

𝜗
)

𝛽+𝑖∞

𝛽−𝑖∞

𝑑𝜗)

𝛼+𝑖∞

𝛼−𝑖∞

𝑑𝜇,                              (2) 

where 𝛼 and 𝛽 are real constants [8].   

2. The Double Sumudu-Kamal Transform of Some Basic Functions   

(1).  𝑆𝛾𝐾𝜏[1] =
1

𝜇
∫ ∫ 𝑒

−(
𝛾

𝜇
+

𝜏

𝜗
)
 𝑑𝛾𝑑𝜏 = 𝜗.

∞

0

∞

0
  

(2).  𝑆𝛾𝐾𝜏[𝛾𝜏] =
1

𝜇
∫ ∫ 𝑒

−(
𝛾
𝜇

+
𝜏
𝜗

)
 𝛾𝜏 𝑑𝛾𝑑𝜏 = 𝜇𝜗2.

∞

0

∞

0

 

 (3).  𝑆𝛾𝐾𝜏[𝛾𝑛𝜏𝑚] =
1

𝜇
∫ ∫ 𝑒

−(
𝛾

𝜇
+

𝜏

𝜗
)
 𝛾𝑛𝜏𝑚 𝑑𝛾𝑑𝜏 = 𝑛! 𝑚! 𝜇𝑛𝜗𝑚+1,        𝑛, 𝑚 ∈ ℕ.

∞

0

∞

0
 

 (4).  𝑆𝛾𝐾𝜏[𝛾𝑛𝜏𝑚] =
1

𝜇
∫ ∫ 𝑒

−(
𝛾

𝜇
+

𝜏

𝜗
)
 𝛾𝑛𝜏𝑚 𝑑𝛾𝑑𝜏 = Γ(𝑛 + 1)𝜇𝑛Γ(𝑚 + 1)𝜗𝑚+1,      𝑛, 𝑚 > −1.

∞

0

∞

0
 

 (5).  𝑆𝛾𝐾𝜏[𝑒𝛼𝛾+𝛽𝜏] =
1

𝜇
∫ ∫ 𝑒

−(
𝛾

𝜇
+

𝜏

𝜗
)
𝑒𝛼𝛾+𝛽𝜏 𝑑𝛾𝑑𝜏 =

𝜗

(1−𝛼𝜇)(1−𝛽𝜗)
.

∞

0

∞

0
 

 (6).  𝑆𝛾𝐾𝜏[𝑠𝑖𝑛(𝛼𝛾 + 𝛽𝜏)] =
1

𝜇
∫ ∫ 𝑒

−(
𝛾

𝜇
+

𝜏

𝜗
)
 𝑠𝑖𝑛(𝛼𝛾 + 𝛽𝜏) 𝑑𝛾𝑑𝜏 =

𝜗(𝛼𝜇+𝛽𝜗)

(1+𝛼2𝜇2)(1+𝛽2𝜗2)
.

∞

0

∞

0
  

 (7).  𝑆𝛾𝐾𝜏[𝑐𝑜𝑠(𝛼𝛾 + 𝛽𝜏)] =
1

𝜇
∫ ∫ 𝑒

−(
𝛾

𝜇
+

𝜏

𝜗
)
 𝑐𝑜𝑠(𝛼𝛾 + 𝛽𝜏) 𝑑𝛾𝑑𝜏 =

𝜗−𝛼𝛽𝜇𝜗2

(1+𝛼2𝜇2)(1+𝛽2𝜗2)
.

∞

0

∞

0
 

 (8).  𝑆𝛾𝐾𝜏[𝑠𝑖𝑛ℎ(𝛼𝛾 + 𝛽𝜏)] =
1

𝜇
∫ ∫ 𝑒

−(
𝛾

𝜇
+

𝜏

𝜗
)
 𝑠𝑖𝑛ℎ(𝛼𝛾 + 𝛽𝜏) 𝑑𝛾𝑑𝜏 =

𝜗(𝛼𝜇+𝛽𝜗)

(1−𝛼2𝜇2)(1−𝛽2𝜗2)
.

∞

0

∞

0
  

 (9).  𝑆𝛾𝐾𝜏[𝑐𝑜𝑠ℎ(𝛼𝛾 + 𝛽𝜏)] =
1

𝜇
∫ ∫ 𝑒

−(
𝛾

𝜇
+

𝜏

𝜗
)
 𝑐𝑜𝑠ℎ(𝛼𝛾 + 𝛽𝜏) 𝑑𝛾𝑑𝜏 =

𝜗+𝛼𝛽𝜇𝜗2

(1−𝛼2𝜇2)(1−𝛽2𝜗2)
.

∞

0

∞

0
 

2.1 Theorem [8]. Let  𝝓(𝜸, 𝝉) be a continuous function in every finite intervals (𝟎, 𝑴) and (𝟎, 𝑵) and of exponential 

order 𝒆(𝜶𝜸+𝜷𝝉), and  𝑺𝜸𝑲𝝉[𝝓(𝜸, 𝝉)] = 𝚽(𝝁, 𝝑) then: 

(𝑖).  𝑆𝛾𝐾𝜏 [
𝜙𝜕(𝛾, 𝜏)

𝜕𝛾
] =

1

𝜇
[Φ(𝜇, 𝜗) − 𝐾 [𝜙(0, 𝜏)]].                          

Proof (𝑖): 

𝑆𝛾𝐾𝜏 [
𝜙𝜕(𝛾, 𝜏)

𝜕𝛾
] =

1

𝜇
∫ ∫ 𝑒

−(
𝛾
𝜇

+
𝜏
𝜗

)
 
𝜙𝜕(𝛾, 𝜏)

𝜕𝛾
 𝑑𝛾𝑑𝜏 =

1

𝜇
∫ 𝑒−

𝜏
𝜗𝑑𝜏 (∫ 𝑒

−
𝛾
𝜇  𝜙

𝛾
(𝛾, 𝜏)𝑑𝛾

∞

0

)

∞

0

.

∞

0

∞

0

 

Using integration by parts, let 𝜔 = 𝑒
−

𝛾

𝜇, 𝑑𝜎 = 𝜙
𝛾
(𝛾, 𝜏)𝑑𝛾, then we get 
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𝑆𝛾𝐾𝜏 [
𝜙𝜕(𝛾, 𝜏)

𝜕𝛾
] =

1

𝜇
∫ 𝑒−

𝜏
𝜗𝑑𝜏 (−𝜙(0, 𝜏) +

1

𝜇
∫ 𝑒

−
𝛾
𝜇  𝜙(𝛾, 𝜏)𝑑𝛾

∞

0

)

∞

0

  

                               =
1

𝜇
[Φ(𝜇, 𝜗) − 𝐾 [𝜙(0, 𝜏)]]. 

(𝑖𝑖).  𝑆𝛾𝐾𝜏 [
𝜙𝜕(𝛾, 𝜏)

𝜕𝜏
] =

1

𝜗
Φ(𝜇, 𝜗) − 𝑆 [𝜙(𝛾, 0)]. 

(𝑖𝑖𝑖).  𝑆𝛾𝐾𝜏 [
𝜕

2
𝜙(𝛾, 𝜏)

𝜕𝛾2
] =

1

𝜇2
[Φ(𝜇, 𝜗) − 𝐾 [𝜙(0, 𝜏)] − 𝜇𝐾 [𝜙

𝛾
(0, 𝜏)]].  

(𝑖𝑣).  𝑆𝛾𝐾𝜏 [
𝜕

2
𝜙(𝛾, 𝜏)

𝜕𝜏2
] =

1

𝜗2
Φ(𝜇, 𝜗) −

1

𝜗
𝑆 [𝜙(𝛾, 0)] − 𝑆 [𝜙

𝜏
(𝛾, 0)]. 

By same method of prove (𝑖), we can prove (𝑖𝑖), (𝑖𝑖𝑖) and (𝑖𝑣). 

3. Application of The Double Sumudu-Kamal Transform for Telegraph Equation 

In this section, we applying the double Sumudu-Kamal transform to solve the telegraph equation. Let the 
nonhomogeneous telegraph equation in two independent variables (𝛾, 𝜏) be in the form  

                  𝐶2𝜙
𝛾𝛾

(𝛾, 𝜏) = 𝜙
𝜏𝜏

(𝛾, 𝜏) + 𝐴𝜙
𝜏
(𝛾, 𝜏) + 𝐵𝜙(𝛾, 𝜏) − 𝜓(𝛾, 𝜏),                                          (3) 

with the initial conditions: 

                                   𝜙(𝛾, 0) = ℏ1(𝛾),              𝜙
𝜏
(𝛾, 0) = ℏ2(𝛾),                                                        (4) 

and the boundary conditions: 

                                   𝜙(0, 𝜏) = ℏ3(𝜏),               𝜙
𝛾

(0, 𝜏) = ℏ4(𝜏),                                                        (5) 

where 𝐶, 𝐴 and 𝐵 are constants and 𝜓(𝛾, 𝜏) is the source term. 

Using the property of partial derivative of double Sumudu-Kamal transform for Eq.(3), single Sumudu transform for 
Eq.(4) and single Kamal transform for Eq.(5), then  

𝐶2𝑆𝛾𝐾𝜏 [𝜙
𝛾𝛾

(𝛾, 𝜏)] = 𝑆𝛾𝐾𝜏 [𝜙
𝜏𝜏

(𝛾, 𝜏)] + 𝐴𝑆𝛾𝐾𝜏 [𝜙
𝜏
(𝛾, 𝜏)] + 𝐵𝑆𝛾𝐾𝜏 [𝜙(𝛾, 𝜏)] + 𝑆𝛾𝐾𝜏[𝜓(𝛾, 𝜏)],       

𝐶2

𝜇2
[𝜙(𝜇, 𝜗) − ℏ3(𝜗) − 𝜇ℏ4(𝜗)] =

1

𝜗2
Φ(𝜇, 𝜗) −

1

𝜗
ℏ1(𝜇) − ℏ2(𝜇) +

𝐴

𝜗
Φ(𝜇, 𝜗) − 𝐴ℏ1(𝜇) + 𝐵Φ(𝜇, 𝜗) − Ψ(𝜇, 𝜗), 

and simplifying, we get  

Φ(𝜇, 𝜗) =
𝜇2𝜗2

𝜇2(1+𝐴𝜗)−𝜗2(𝐶2−𝐵𝜇2)
[(

1+𝐴𝜗

𝜗
) ℏ1(𝜇) + ℏ2(𝜇) −

𝐶2

𝜇2  ℏ3(𝜗) −
𝐶2

𝜇
 ℏ4(𝜗) + Ψ(𝜇, 𝜗)] ,        (𝛾, 𝜏) ∈ ℝ+

2 ,(6)   

where  𝑆𝛾𝐾𝜏[𝜓(𝛾, 𝜏)] = Ψ(𝜇, 𝜗).  

Solving this algebraic equation in Φ(𝜇, 𝜗) and taking the inverse double Sumudu- Kamal transform on both sides of 
Eq.(6), yields 
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𝜙(𝛾, 𝜏) = 𝑆𝛾
−1𝐾𝜏

−1 (
𝜇2𝜗2

𝜇2(1+𝐴𝜗)−𝜗2(𝐶2−𝐵𝜇2)
[(

1+𝐴𝜗

𝜗
) ℏ1(𝜇) + ℏ2(𝜇) −

𝐶2

𝜇2  ℏ3(𝜗) −
𝐶2

𝜇
 ℏ4(𝜗) + Ψ(𝜇, 𝜗)]),           (7) 

which represent the general formula for the solution of Eq.(3) by double Sumudu- Kamal transform method. 

Example 3.1. Consider the following telegraph equation 

                              𝜙
𝛾𝛾

(𝛾, 𝜏) = 𝜙
𝜏𝜏

(𝛾, 𝜏) + 𝜙
𝜏
(𝛾, 𝜏) + 𝜙(𝛾, 𝜏),               (𝛾, 𝜏) ∈ ℝ+

2 ,                              (8) 

with the initial conditions 

                                𝜙(𝛾, 0) = 𝑒𝛾,                  𝜙
𝜏
(𝛾, 0) = −𝑒𝛾,                                                                        (9) 

and the boundary conditions 

                                 𝜙(0, 𝜏) = 𝑒−𝜏,               𝜙
𝛾
(0, 𝜏) = 𝑒−𝜏.                                                                        (10) 

Solution: Substituting 

ℏ1(𝜇) =
1

1 − 𝜇
 ,            ℏ2(𝜇) =

−1

1 − 𝜇
 ,  

ℏ 3
(𝜗) =

𝜗

1 + 𝜗
 ,          ℏ4 

(𝜗) =
𝜗

1 + 𝜗
 , 

in Eq.(6), we obtain 

       Φ(𝜇, 𝜗) =
𝜇2𝜗2

𝜇2(1 + 𝜗) − 𝜗2(1 − 𝜇2)
[(

1 + 𝜗

𝜗
)

1

1 − 𝜇
−

1

1 − 𝜇
−

1

𝜇2
 

𝜗

1 + 𝜗
−

1

𝜇
 

𝜗

1 + 𝜗
] 

Φ(𝜇, 𝜗) =
𝜇2𝜗2

𝜇2(1 + 𝜗) − 𝜗2(1 − 𝜇2)
[
𝜇2(1 + 𝜗)2 − 𝜇2𝜗(1 + 𝜗) − 𝜗2(1 − 𝜇) − 𝜇𝜗2(1 − 𝜇)  

𝜇2𝜗(1 − 𝜇)(1 + 𝜗)
]. 

By simplifying, we obtain 

                                                   Φ(𝜇, 𝜗) =
𝜗

(1 − 𝜇)(1 + 𝜗)
 .                                                                            (11) 

Taking the inverse double Sumudu-Kamal transform of Eq.(11), we get a solution of Eq.(8) 

                                                   𝜙(𝛾, 𝜏) = 𝑒𝛾−𝜏 .                                                                                                  (12) 

Example 3.2. Consider the following nonhomogeneous telegraph equation 

                         𝜙
𝛾𝛾

(𝛾, 𝜏) = 𝜙
𝜏𝜏

(𝛾, 𝜏) + 𝜙
𝜏
(𝛾, 𝜏) − 5𝜙(𝛾, 𝜏) + 2𝑠𝑖𝑛(3𝛾 + 2𝜏),               (𝛾, 𝜏) ∈ ℝ+

2 , (13) 

with the initial conditions 

                           𝜙(𝛾, 0) = 𝑐𝑜𝑠3𝛾 = ℏ1(𝛾),                  𝜙
𝜏
(𝛾, 0) = −2𝑠𝑖𝑛3𝛾 = ℏ2(𝛾),                           (14) 

and the boundary conditions 

                            𝜙(0, 𝜏) = 𝑐𝑜𝑠2𝜏 = ℏ3(𝜏),                  𝜙
𝛾

(0, 𝜏) = −3𝑠𝑖𝑛2𝜏 = ℏ4(𝜏).                            (15) 

Solution: Substituting 
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ℏ1(𝜇) =
1

1 + 9𝜇2
 ,            ℏ2(𝜇) = −

6𝜇

1 + 9𝜇2
 ,   

ℏ 3
(𝜗) =

𝜗

1 + 4𝜗2
 ,          ℏ4 

(𝜗) = −
6𝜗2

1 + 4𝜗2
 , 

Ψ(𝜇, 𝜗) = −
2𝜗(3𝜇 + 2𝜗)

(1 + 9𝜇2)(1 + 4𝜗2)
  ,                       

in Eq.(6), we get 

Φ(𝜇, 𝜗) =
𝜇2𝜗2

𝜇2(1 + 𝜗) − 𝜗2(1 + 5𝜇2)
[(

1 + 𝜗

𝜗
) ℏ1(𝜇) + ℏ2(𝜇) −

1

𝜇2
 ℏ 3

(𝜗) −
1

𝜇
 ℏ4 

(𝜗) −
2𝜗(3𝜇 + 2𝜗)

(1 + 9𝜇2)(1 + 4𝜗2)
] 

              =
𝜇2𝜗2

𝜇2(1 + 𝜗) − 𝜗2(1 + 5𝜇2)
[(

1 + 𝜗

𝜗
)

1

1 + 9𝜇2
−

6𝜇

1 + 9𝜇2
−

1

𝜇2
 

𝜗

1 + 4𝜗2
+

1

𝜇
 

6𝜗2

1 + 4𝜗2
−

2𝜗(3𝜇 + 2𝜗)

(1 + 9𝜇2)(1 + 4𝜗2)
] 

=
𝜇2𝜗2

𝜇2(1 + 𝜗) − 𝜗2(1 + 5𝜇2)
[
𝜇2(1 + 𝜗)(1 + 4𝜗2) − 6𝜇3𝜗(1 + 4𝜗2) − 𝜗2(1 + 9𝜇2) + 6𝜇𝜗3(1 + 9𝜇2) − 2𝜇2𝜗2(3𝜇 + 2𝜗)  

𝜇2𝜗(1 + 9𝜇2)(1 + 4𝜗2)
]. 

By simplifying, we obtain 

     Φ(𝜇, 𝜗) =
𝜗

𝜇2(1 + 𝜗) − 𝜗2(1 + 5𝜇2)
[
(1 + 5𝜇2)(6𝜇𝜗3 − 𝜗2) + (1 + 𝜗)(𝜇2 − 6𝜇3𝜗)   

(1 + 9𝜇2)(1 + 4𝜗2)
] 

      =
𝜗

𝜇2(1 + 𝜗) − 𝜗2(1 + 5𝜇2)
[
(𝜇2(1 + 𝜗) − 𝜗2(1 + 5𝜇2))(1 − 6𝜇𝜗)   

(1 + 9𝜇2)(1 + 4𝜗2)
]. 

                              =
𝜗 − 6𝜇𝜗2  

(1 + 9𝜇2)(1 + 4𝜗2)
 .                                                                                                      (16) 

Taking the inverse double Sumudu-Kamal transform of Eq.(16), we get a solution of Eq.(13) 

                                          𝜙(𝛾, 𝜏) = 𝑐𝑜𝑠(3𝛾 + 2𝜏).                                                                                         (17) 

4. Conclusion 

In Conclusion, the double Sumudu-Kamal transform is a significant transform among all the integral transforms of 
exponential sort kernels. The author applied this double transform to obtain the solution of linear telegraph equation. 
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