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Abstract 

This study develops a novel implementation for symbolic partial differentiation of multivariate polynomials in MATLAB. 
Pseudocode, a flowchart and MATLAB source code are developed. The program is then tested for samples of 
multivariate polynomials and partial differentiation operations. It is demonstrated that the program generates results 
with 100% accuracy. Applications of the developed program are unlimited, with potential uses in economic, engineering 
and scientific neural network and computer-based model and systems. 
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1. Introduction

Three differentiation techniques are commonly used in machine learning and artificial intelligence research; 
algorithmic differentiation, symbolic differentiation and numerical differentiation [1]. Algorithmic differentiation is the 
technique of generating a derivative program for a given function program [2]. Different programs can be used for 
estimation at various input ranges [3]. Variations of algorithmic differentiation include derivation from first principles 
[4]. Algorithmic differentiation is widely preferred in gradient based optimisation programs [5]. 

Numerical differential approximations are the last resort when automatic differentiation and symbolic differential fail 
for lack of known programs or analytic functions [6]. Neural network models depend on empirical data [7] and their 
outputs are more suited for numerical differentiation than symbolic methods. Samambgwa et al [8] developed a 
MATLAB implementation for isolating multivariate terms from neural network models, which promises potential in the 
future of extracting analytic models from neural networks. Numerical differentiation is limited in that it produces 
approximations at best and requires numerous iterations thereby burdening computational resources [9]. MATLAB is 
a favourable platform for executing numerous sequential mathematical operations to yield accurate results [10]. 

Symbolic differentiation has advantage when machine learning is used with agent-based models [11], as agents can be 
represented analytically [12]. The development of symbolic analysis algorithms is crucial for the achievement of 
artificial general intelligence [13]. 

Integral and differential models and analysis techniques remain relevant in artificial intelligence and neural network 
research. Polynomial integrals occur in the study of physics informed neural networks [14], where solutions can be 
inferred through partial differentiation. Differential equations are critical in analysis of dynamic systems as they capture 
the underlying controlling influences [15]. Differentiation is critical in optimising machine learning models and gradient 
based algorithms [16].  
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Various scholars have contributed significant developments in the research area. Thota [17] developed an algorithm 
that simplifies differential algebraic equations into ordinary differential equations, with implementations for the 
MATLAB environment.  Liu and Liu [18] used partial derivative operators in closure spaces to obtain analytic partial 
derivatives for systems of homogenous multivariate polynomial equations. Halim and Yeak [16] developed algorithms 
and python implementations for automatic differentiation yielding numerical derivatives. Kourounis et al, [19] 
developed a C++ implementation for partial differentiation in univariate functions. Brahmam et al [20] developed a 
Mathematica implementation for symbolic differentiation of exponential functions.  

Application of polynomial differentiation techniques can be extended to a wide range of systems of equations since most 
can be transformed to polynomial form [20]. 

Aim 

This study sought to develop an algorithm and MATLAB implementation that accurately executes symbolic partial 
differentiation on multivariate polynomials. 

Objectives 

▪ Develop pseudocode that executes symbolic partial differentiation on multivariate polynomials, 
▪ Develop the flow chart for symbolic partial differentiation of a multivariate polynomial, 
▪ Develop MATLAB source code that executes symbolic partial differentiation on multivariate polynomials.  

2. Methodology 

2.1. Derivative function 

The derivative of a function 𝑓, in 𝑥, with respect to 𝑥, denoted 𝑓′(𝑥), is a function that outputs the gradient of the function 
𝑓(𝑥) at any point 𝑥. 

2.2. Symbolic polynomial differentiation 

Differentiation is the process of obtaining a derivative from its function. The steps to execute symbolic differentiation 
are outlined: 

Suppose 𝑓, a function of 𝑥, denoted 𝑓(𝑥), is a polynomial term in 𝑥, written: 

𝑓(𝑥) = 𝑘𝑥𝑎,      
 (1) 

Where: 

 𝑘 is the coefficient, and  

 𝑎 is the power. (𝑎 is also the degree of the polynomial) 

The derivative of 𝑓 with respect to 𝑥, denoted 𝑓′(𝑥), is obtained by multiplying the coefficient, 𝑘, by the power, 𝑎, and 
then reducing the power by 1. That is: 

𝑓′(𝑥) = 𝑎𝑘𝑥𝑎−1.      (2)  

2.3. Polynomial partial differentiation 

For purposes of illustration, we will consider the case of a polynomial with two variables. The principles can be extended 
and apply to an arbitrary number of variables. The general term in a bivariate polynomial in 𝑥 and 𝑦 is of the form: 

𝑘𝑥𝑎𝑦𝑏 

Where: 

 𝑘 is the coefficient, 
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 𝑎 is the power of 𝑥, and 

 𝑏 is the power of 𝑦. 

The partial derivative of 𝑓, with respect to 𝑥, denoted, 𝑓𝑥, where 𝑓 is a function of 𝑥 and 𝑦, denoted, 𝑓(𝑥, 𝑦), is obtained 
by multiplying the constant, 𝑘, by the power of 𝑥, 𝑎, and then reducing the power of 𝑥 by 1. That is: 

If       𝑓(𝑥, 𝑦) = 𝑘𝑥𝑎𝑦𝑏,      
 (3) 

 

Then      𝑓𝑥 = 𝑎𝑘𝑥𝑎−1𝑦𝑏,      (4) 

And, similarly, the partial derivative of 𝑓(𝑥, 𝑦) with respect to 𝑦, denoted 𝑓𝑦, is given by:    

      𝑓𝑦 = 𝑏𝑘𝑥𝑎𝑦𝑏−1.      (5) 

The principle is extended and applicable to an arbitrary number of variables. 

2.4. Higher order partial derivatives 

Higher order derivatives are obtained by repeating the procedures in equations (4) and (5), on the prevailing 
coefficients and powers at each step. The second partial derivatives w.r.t. 𝑥 and 𝑦 are denoted 𝑓𝑥𝑥 and 𝑓𝑦𝑦 respectively. 

Other higher order derivatives are denoted 𝑓𝑥𝑦, 𝑓𝑥𝑥𝑦, 𝑓𝑥𝑥𝑦𝑦, and so on. The number of appearances of a variable  𝑥 or 𝑦 

in the subscript indicates the number of times 𝑓 is differentiated partially w.r.t. that variable. 

2.5. Symbolic differentiation algorithm 

In order to execute partial differentiation in code, there is need to represent coefficients and powers in a programing 
variable and data type that is accommodated by the programming environment. We use an array with three rows to 
represent polynomials, where the rows represent the coefficient, power of 𝑥, and the power of 𝑦. 

For example, the polynomial 3 + 𝑥 − 2𝑦 − 4𝑥2𝑦5 + 2𝑥3𝑦 + 5𝑥3𝑦3 is represented by the array: 

[
3 1 −2
0 1 0
0 0 1

−4 2 5
2 3 3
5 1 3

]. 

Partial differential operations are represented as 2-dimensional vectors, the values indicating the number of times to 
differentiate partially w.r.t. 𝑥 and 𝑦 respectively. 

For example: 

𝑓𝑥 → [
1
0

],   𝑓𝑦 → [
0
1

],   𝑓𝑥𝑥𝑦 → [
2
1

],   𝑓𝑥𝑥𝑦𝑦𝑦𝑦𝑦 → [
2
5

], and so on . . . 

2.6. Pseudo code 

In the case of a bivariate polynomial, the algorithm takes input in the form of a 3-row array (representing the 
polynomial) and a 2-dimensional vector (representing the partial differentiation operator). In general, for an arbitrary 
number of variables, 𝑛, the input array will have 𝑛 + 1 rows and the differential vector will be 𝑛-dimensional. Execution 
then follows the steps outlined in the pseudocode in Figure 1. 
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Figure 1 Pseudocode for symbolic partial differentiation algorithm 

Flowchart 

 

Figure 2 Flowchart for symbolic partial differentiation algorithm. 
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The algorithm has two main loops. The minor loop differentiates a row (representing indices of a particular variable) 
partially as many times as indicated by the corresponding element (indicating how many times to differentiate w.r.t. its 
corresponding variable) in the differential matrix. The major loop selects through the rows (each row representing 
indices of a particular variable) from the second row (representing the first variable) to the last row (representing the 
last variable). 

2.7. MATLAB programming source code 

The code snippet in Figure 3 was used to execute the symbolic partial differentiation algorithm in the MATLAB online 
[22] environment. 

 

Figure 3 MATLAB source code that executes symbolic partial differentiation 

3. Analysis 

Three multivariate polynomials were used to test the symbolic partial differentiation implementation in MATLAB. For 
each polynomial, three partial differential operators were executed. The polynomials, partial derivative operators, 
matrix representations of the polynomial, vector representations of the partial derivative operators and the resulting 
matrix representations of the partial derivatives as well as the symbolic partial derivatives are shown in Table 1.   

Table 1 MATLAB inputs and outputs of symbolic partial differentiation operations. 

Function Partial 
derivative 
operator 

Matrix (array) 
representation of 
function 

Vector 
representation of 
partial derivative 
operator 

Matrix (array) 
representation of 
partial derivative 

Symbolic 
form of 
partial 
derivative 

2𝑟 + 5𝑡
− 6𝑟𝑡
+ 3𝑟2𝑡2 

𝑓𝑟 [
2
1
0

5 −6 3
0 1 2
1 1 2

] [
1
0

] [
2
0
0

0 −6 6
−1 0 1
1 1 2

] 2 − 6𝑡 + 6𝑟𝑡2 
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2𝑟 + 5𝑡
− 6𝑟𝑡
+ 3𝑟2𝑡2 

𝑓𝑡 [
2
1
0

5 −6 3
0 1 2
1 1 2

] [
0
1

] [
0
1

−1

5 −6 6
0 1 2
0 0 1

] 5 − 6𝑟 + 6𝑟2𝑡 

2𝑟 + 5𝑡
− 6𝑟𝑡
+ 3𝑟2𝑡2 

𝑓𝑟𝑡𝑡 [
2
1
0

5 −6 3
0 1 2
1 1 2

] [
1
2

] [
0
0

−2

0 0 12
−1 0 1
1 −1 0

] 12𝑟 

4𝑎4𝑏2𝑐5

− 3𝑎2𝑏3𝑐 
𝑓𝑎𝑏𝑏𝑐 [

4
4

−3
2

2 3
5 1

] [
1
2
1

] [

160
3

−36
1

0 1
4 0

] 
160𝑎3𝑐4

− 36𝑎𝑏 

4𝑎4𝑏2𝑐5

− 3𝑎2𝑏3𝑐 
𝑓𝑎𝑏𝑏𝑏 [

4
4

−3
2

2 3
5 1

] [
1
3
0

] [

0
3

−36
1

−1 0
5 1

] −36𝑎𝑐 

4𝑎4𝑏2𝑐5

− 3𝑎2𝑏3𝑐 
𝑓𝑎𝑎𝑎𝑐𝑐 [

4
4

−3
2

2 3
5 1

] [
3
0
2

] [

1920
1

0
−1

2 3
3 −1

] 1920𝑎𝑏2𝑐3 

3𝑥𝑦3

− 2𝑥2𝑦
+ 𝑥5 

𝑓𝑥𝑥𝑦 [
3 −2 1
1 2 5
3 1 0

] [
2
1

] [
0 −4 0

−1 0 3
2 0 −1

] −4 

3𝑥𝑦3

− 2𝑥2𝑦
+ 𝑥5 

𝑓𝑥𝑥𝑥𝑦 [
3 −2 1
1 2 5
3 1 0

] [
3
1

] [
0 0 0

−2 −1 2
2 0 −1

] 0 

3𝑥𝑦3

− 2𝑥2𝑦
+ 𝑥5 

𝑓𝑥𝑦𝑦 [
3 −2 1
1 2 5
3 1 0

] [
1
2

] [
18 0 0
0 1 4
1 −1 −2

] 18𝑦 

4. Discussion 

All nine tested symbolic partial differentiation operations yielded 100% accurate results. It was demonstrated that the 
developed symbolic partial differentiation algorithm and MATLAB source code were fully functional and highly reliable. 
The program can be used to perform any symbolic partial differentiation operation on multivariate polynomials with 
an arbitrary number of variables. This program can be used in analysis of large systems of polynomials thereby 
introduces high-capacity capabilities for research and applications. 

Automating symbolic partial differentiation extends the accuracy and capabilities of neural network and other 
computer-based models for analysing multivariate polynomial problems in economics, engineering, science and various 
other research studies. 

5. Conclusion  

This study successfully developed and validated implementations for symbolic partial differentiation on multivariate 
polynomials. This opens up a wide range of potential applications across disciplines in research and applications. 
Computer based systems can be built with the derived capabilities for improved accuracy and capacity. Further research 
work may be pursued to develop programs to execute symbolic partial differentiation for non-polynomial functions 
such as exponential, logarithmic and trigonometric functions. 
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